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FOR several years the author had been assembling material for such a. study in the mathematical analysis of tree distribution series as is here
presented. Preliminary tests and computations, analysis, and outlining of
methods were carried on during these years, but the major portion of the
submitted dissertation was completed in the academic year of 1928-29 with
the financial assistance of a Sterling Fellowship. The original manuscript
was submitted as a dissertation in partial fulfillment of the requirements
for the degree ·of Doctor of Philosophy in Yale University.
Very valuable aid was given by several agencies connected with the For-
est Service of the United States Department of Agriculture, and a large
part of the original data used in this study was supplied by this organiza-
tion and its various experiment stations. The Pacific Northwest Forest Ex-
periment Station in particular helped considerably by loaning original data
and by doing many of the computations. Without this assistance the investi-
gation could not have been as extensive as it has been.
The faculty of the Yale University School of Forestry were especially
kind in offering facilities for work and in providing many helpful criti-
cisms. Special acknowledgment is made of the assistance of Professor Oy-
stein Ore of the Department of Mathematics. The author collected the
original material regarding red spruce, balsam fir, western yellow pine, and
some of that concerning northern white. pine. Besides this, he had intimate
knowledge of the Douglas fir data. The material for the other species, slash




IN EVENAGED FOREST STANDS
PURPOSE AND SCOPE OF THE STUDY
BOTH in natural and in planted forest stands trees vary greatly in di-ameter, form, and height, even when the trees are all of the same age.
For example, in a natural forest stand of Douglas fir, aged seventy years
and located on a poor growing site, the trees may range from 5 to 18 inches
in diameter at breast height (4.5 feet above the ground). The numbers of
trees in the range of diameter .classes are not equal, but are small in classes
at the extremes of the range and large in the central classes. If these num-
bers were plotted upon the diameter class, a typical bell-shaped curve would
be formed, ordinarily denoted a frequency curve.
Frequency curves are not all of one form. Some curves may have an ex-
cess number of trees in the smaller diameter classes and others an excess in
the larger diameter classes, forming distinct peaks. With advance in age,
the trees in the smaller diameter classes die out rapidly; the curve becomes
gradually less peaked and extends more and more into the larger diameter
classes. The effect of the species itself is distinct upon the frequency curve.
The quality of the growing site is another factor since it affects the rapidity
of growth. The density of the stand, that is the number of trees growing on
a unit area, is believed to affect the development and consequently the dis-
tribution of the trees in their size classes. The age formation of the stand,
whether evenaged, two-aged, or many-aged, is an exceedingly important in-
fluence.This study includes only evenaged stands since the other types of
stands form compound distribution curves which are not easily analyzed.
All in all, the study of the arrangment of the trees in diameter classes
deals with an apparently complicated question. Unless there is some com-
mon denominator which will place all stands, regardless of species, age,
density, and ·origin, on a common plane, an analysis will be practically im-
possible.
It ,may seem incomprehensible to the layman why an investigation of the
sizes of trees should be important. Even a slight knowledge of forestry and
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lumbering practice, however, leads to the conclusion that not only is the
total wood -volume produced upon a definite area important, but also the
utilization of the total volume is largely dependent upon the sizes of the
component trees. A given total wood volume composed of many small trees
furnishes an entirely different product than the same volume composed of
a smaller number of large trees.
For some time foresters have recognized the importance of diameter dis-
tribution series, but only in recent years has the question been ,thoroughly
discussed in forestry publications. The climax in European studies was the
effort of Finnish investigators to place their yield table construction upon a
diameter distribution basis. They analyzed the series mathematically by
means of the "Charlier Type A" frequency equation and considered the re-
sults satisfactory. In American forestry, however, the solution of the prob-
lem of handling distribution series took an entirely different turn. Here the
main emphasis was placed upon graphical methods of harmonizing such
frequencies. One apparently good method was soon superseded by another
offering greater flexibility. Recently a few American foresters have studied
the Finnish methods and have tried to express the diameter distribution
series in mathematical terms. The purpose of this investigation is to study
the mathematical methods of Charlier for fitting frequency curves, to dis-
cover what relation exists between them and the graphical methods, and to
determine the trends of distribution series with such factors as average di-
ameter, species, age, site, and stocking.
The investigation commences with a brief survey of the forestry litera-
ture pertinent to the subject and then takes up the computational methods
involved in the analysis of distribution series by means of Charlier curve
types. The Finnish investigators made use of only one of the frequency
types, but this study introduces a second type found to have a wide field of
application. For certain classes of data an abbreviated form of this second
type, involving much less computational work, is found to give a much more
accurate representation of the true conditions than the first type. The dis-
covery of this fact came after considerable effort had been spent upon dis-
tribution analyses ,by the first type.
The method of checking the trueness of representation, Pearson's test for
"goodness of fit," although not entirely satisfactory, is found to be a valuable
aid in judging the accuracy of the fit of the theoretical frequencies to the
actual. This method has not previously been described in any forestry lit-
erature.
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Another departure from the previous studies is found in the efforts to
recognize definite curve series for the trends of the several characteristics
which are needed to define a frequency curve. Each characteristic is found
to progress according to a curve which is usually similar in form for each
species, but which lies in a different range of absolute values. The major
emphasis of the study is placed upon the analysis of Douglas fir, for which
the largest amount of satisfactory material was obtainable. Red spruce,
with which the author had considerable experience, was given second place
of emphasis. In addition to these, various other species were handled, in-
cluding balsam fir, northern white pine, slash pine, shortleaf pine, southern
white cedar, and western yellow pine.
The exact details of the computations and analyses must be introduced,
because they are vital to the understanding of the problem and are essential
for the development of harmonized theoretical series, and because many of
the readers will not have access to the necessary references. The possibility
of finding these harmonized series is, after all, the practical result of the
whole investigation.
LITERATURE
T HE literature regarding frequency curves is vast, if all sciences areconsidered. The following pages review only those articles which deal
with the history of distribution series in forestry and of the development of
such series by the Charlier methods. Articles which do not contribute defi-
nitely to the study are not mentioned.
The early forest literature recognized that the diameter distribution of
trees conforms to distinct types of curves. Diagrams of distribution series
have appeared from time to time,but foresters have neglected the combina-
tion of adjacent series into harmonized distributions and the study of the
variation or covariation of such series, or even the agreement of single
series to ·definite laws. Gram (1883), in dealing with the choice of sample
trees in beech stands, considered the distribution of the size classes in or-
der to determine the most suitable size of the sample trees. He noted that
when he plotted the number of trees in, each diameter class upon the cor-
responding class, he obtained a strong resemblance to the normal law of
errors. The normal curve is one of symmetrical distribution with the central
class values having the greatest number of trees. His curves, however,
showed a certain lack of symmetry because of a relatively larger number of
trees in the diameter classes just below the average than in the classes just
9
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above. Gram suggested a graphical modification consisting of plotting the
number of trees times the square of the respective diameters as ordinates,
instead of the number of trees alone, to get a closer approach to the normal
curve. ",Then circumferences instead of the actual diameters were used as
the abscissa; and the number of trees as the ordinates, the curves were again
unsymmetrical.
The Danish forester, C. V. Prytz (1888), propounded a new method of
estimating the volumes of forest stands. rrhis method, originated by ·his
brother, H. Prytz, was based upon the principle that the distribution of di-
ameters around the average diameter was regular and could be approxi-
mated by the nortnal curve of errors. Upon this assumption he evolved a
simple method of stand tally which consisted of tallying the diameters into
only three groups: the first group contained the small sizes; the .second
group, the middle sizes; and the third group, the large sizes. By a short
computation, the two diameter limits forming the three groups were ex-
pressed in terms of the standard deviation, which is a measure of spread of
the data through the diameter classes. The average diameter was then
easily found. The total basal area could also be derived. Various foresters,
such as Oppermann (1905), Bohmerle \(1898), Horneman (189 I), and
Mourier (1901), approved the method.
Schuberg (1888), in a discussion of the growth and yield of silver fir in
Germany, particularly emphasized the density of the stand. He divided
each site · class into three grades of density, each of which produced the
same volume. The average diameter, the average height, and the number of
trees in each of these three density grades were different, but their product
led to the same total volume. .The effect of density upon the diameter dis-
tribution of the trees was very apparent. Compared to a less dense stand,
the number of diameter classes in a dense stand was much smaller, and
each individual diameter class held a larger percentage of the total num-
ber of trees. The better the site, the more open and the older the stand, the
larger was the number of diameter classes represented. The percentages of
the total number of trees gave more conformable trends than the absolute
numbers.
Fekete (1902), in studying spruce in Hungary, used the deciles to show
that the number of trees was distributed in a regular way. The deciles
give the diameters at each 10 per cent of the total number of trees. Thus,
counting from the smallest diameters up, the first decile is located when
10 per cent of the trees is marked off; the second decile, when 20 per cent
10
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at about this time, using the diameter distribution series as a basis of com-
parison for plots belonging to the same site class. Heretofore, the unsym-
metrical character of the series was hardly more than recognized, but now
it was fully treated. Cajanus had apparently the personal advice of the
eminent Swedish statistician and mathematician, C. V. L. Charlier (I906),
\vho had developed a method of treating such sets of curves a number of
years previously. Cajanus stated that graphical methods gave a good pic-
ture of the condition of the stand, but in themselves were valueless. He said
that Fekete's and Schiffel's studies were an advance over the older ideas,
but did not lead far. To be satisfactorily analyzed, the frequency distribu-
tion would have to be defined by a number of parameters or characteristics
which take into account the departure from a symmetrical form, as well as
the span of diameter classes and the total number of trees. Schuberg's fir,
Guttenberg's spruce and pine, and Gram's beech studies all showed a skew-
ness to\vards the smaller ·diameter classes, a so-called negative asymmetry.
Such un~ymmetrical distributions had been studied in other sciences since
the time of .Quetelet (I 849). At least two schools developed later, one led
by Pearson and the other by Charlier.
,Cajanus adopted the methods of the latter for his study. Methods and
theory were explained in some detail, but since this subj ect is developed in
most of its minuteness later, they will not be elaborated upon here. Let it
suffice to say that the parameters or characteristics which define any dis-
tribution series approaching the normal forln include:
I. The total number of trees.
2. The average diameter weighted by number of trees alone and not by
basal area, which is the common forest practice.
3. The standard deviation, representing the range of diameters.
4. The coefficient of asymmetry, which is a measure of the warping .or
skewness of the curve.
5. l~he coefficient of excess, which represents roughly the extent to which
the actual distribution exceeds the height of the corresponding normal
curve.
All these characteristics are the results of a careful but relatively easily
performed computation. After they have been computed, the distribution
curve is mathematically defined. Then by certain tables given by Charlier
( I 906) in his Researches ·into tlte Theory of Probability the theoretically
smoothed distributions can be computed and compared to the actual.
Cajanus proceeded to show the effect of site and age upon these charac-
I2
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teristics. When each characteristic is plotted upon age as abscissa by site
classes, a curve is formed which he occasionally finds to be a straight line,
definable by a first degree equation. The average diameter and the standard
deviation, for instance, follow this rule. The coefficients of asymmetry and
excess, on the other hand, are represented by a single average value, one
for each site. In this way the relation of the diameter distribution series has
been reduced to a few simple values. Whether these relations will hold for
other species than those tr~ated is still to be seen.
This brief description of Caj anus' work does not do justice to the impor;..
tance of the methods he proposed nor to the results he obtained. A measure
of its success can be found in its adoption in all the subsequent Finnish
yield studies. The firs,t of the major resultant investigations were Ilvessalo's
studies (1920) on the importance of forest types in forest mensuration and
valuation. Forest types in these studies did not mean cover types, as so com-
monly conceived in the United States, but rather the type characterized by
the vegetation, not necessarily the tree species, growing upon a certain site.
To test the unity of his sample plot data, Ilvessalo made use of the charac-
teristics introduced by Cajanus, determining \vhether each forest type rep-
resented a single growing site or a combination of sites. The conclusion
which Ilvessalo reached was that each forest type was an individual grow-
ing site, identified by a single growth curve.
A few of Ilvessalo's curves did not agree with Cajanus' straight line rep-
resentations~ Average diameter, for instance, was a straight line only be-
tween the ages of twenty and ninety years and might be represented by a
third degree equation. The graphically balanced curve, however, was
thought sufficiently accurate. The standard deviation, or dispersion as it is
sometimes called, did not fall in a straight line as Cajanus assumed, but
also formed a curve in the younger and older ages. Throughout the whole
discussion, Ilvessalo observed the standard errors of the values as criteria
of the fit of the plots to the average series. His rules for rejection are inter-
esting. For instance, a plot was discarded whose deviation from the average
value exceeded the standard error of the average diameter, the standard
deviation, and the variation coefficient by three times and the number of
trees by 20 per cent. Plots were also discarded if they exceeded the stand-
ard error of average diameter by six times and the number of trees by 30
per cent. Also such plots were rejected which exceeded the errors of any
two characteristics by six times and a third by three times. Finally, with
objectionable plots eliminated, new curves were drawn, and theoretical dis-
13
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tions. The first is that the diameters are distributed in a normal law accord-
ing to logarithms of their diameters, and the second is that they are dis-
tributed in thenormallaw unmodified. In 1926 he showed that among other
relationships the heights and the logarithms of the weights of pine seedlings
are distributed according to the normal law. His suggestions are very in-
teresting, but as yet have not been so thoroughly proven as have the I~" innish
methods. The universal application of the Fourier series is certainly worth
further consideration.
A few European foresters, then, have apparently reached a high stage of
development in the treatment of distribution series by using mathematical
methods of analysls. Familiar as these studies may have been to foresters in
Europe, their ideas have spread but slowly into the United States. Here the
history of diameter distribution series, or stand tables as they are called, is
very brief. A few of .the earlier yield and growth studies contained stand
tables, usually based upon averages of known conditions. Bruce (1923),
for instance, in dealing with yield tables for redwood, defines stand tables,
gives a sample, and explains that such a table is dra\vn up by taking a
group of plots in the same age class on the same site-quality of land and
computing the average number of trees in each diameter class.
Baker (1923) discusses the applicability of the probability curve to for-
estry, taking for an example the diameter distribution inevenaged stands
of aspen. The series, in spite of minor variability, conforms evidently to
the normal law. Upon this assumption he dra\vs up a whole set of frequency
curves for a range of ages from 50 to 100 years. These curves show no evi-
dence of skewness or lack of symmetry.
At about this tilue the Forest Service began making more detailed yield
studies. Their methods of analyzing growth data, however, departed radi-
cally from the former methods. One of the changes consisted in putting the
construction of stand tables on a firm basis. Brief reports appeared a few
years later (Bruce, 1926; Reineke, 1927) discussing the methods. Although
these methods \vere short-lived because of further improvement in tech-
nique, the underlying ideas and the recognition they afforded to diameter
distribution \vere ilnportant. The technique was based upon the use of a
certain form of cross-section paper, called "probability paper," with gradua-
tions which accorded to the law of errors or the probability curve. To test a
distribution series for conformity to this mathematical la\v, the data were
first arranged by diameters in cUlnulative amounts. For instance, starting
from the slnallest sizes the number of trees in each diameter was added to
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but the advance from nOI).recognition of the confornlity of distribution se-
ries to recognition of methods based upon mathematical theories was
effected in a single stride.
Good as the new method was, it was destined to last but a short time.
Bruce and Reineke (1928) have recently ' proposed an entirely different
procedure which does not recognize the accordance of distribution series to
mathematical laws, but \vhich places more emphasis on the direct harmo-
nization of actual distributions by alinement chart methods. They criticize
the older method upon such points as the large amount of personal judgment
involved, the lack of conformity of certain species, the awkward fit of other
species, such as Douglas fir, the ·· difficulty of balancing the straight line to
the plotted points, and the inaccuracy of reading fine graduations. Since
the older method really anamorphoses curves into straight lines, the change
to the proposed new method is not so violent, because alinement chart
methods are closely related to anamorphic methods. Any system of curves
which can be straightened out by anamorphosis can be reproduced by an
alinement chart.
A detailed description of the alinement chart method cannot be given
here. Briefly, it consists in finding first an average c.;umulative distribution
series. This series is converted to an alinement chart containing three
scales, one for cumulative percentages of the numbers of trees by diameter
classes, the second for the number of diameter classes included up to each
limit/ 'and the third for the average diameter of the stand. These scales are
then modified or regraduated to fit the data more accurately. The original
article by Bruce and Reineke (1928) should be read for the particulars of
the technique. The final result very aptly represents a set of distribution
series for stands through the complete range of average diameters. The
reading of the cumulative percentages for each diameter limit is easily
carried out by the simple alinement chart process of reading a third un-
known value by spanning the two scales with known values.
Aside from these graphical treatments, a limited number of references
occur in the American literature regarding the application of mathematical
methods. One of the first of these; aside from Baker's adaptation of the
normal curve,was luade by the author (Meyer, 1928) in an article dealing
\vith gro,vth of Douglas fir on permanent sample plots. The unsymmetrical
character of the distribution curves is here recognized. A 'study of the dis-
tribution characteristics, as defined by the Finnish investigators, computed
from measurements taken over an elapsed period of ten to fifteen years an
18
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four sample plots, indicates that there is a trend from negative asymmetry
towards a symmetrical fortn and even beyond this to positive skewness with
advance in age. Four plots form, of course, a weak basis for definite con-
clusions. The greatly amplified data in the following study may allow a
more certain determination of trends. In addition to distribution charac-
teristics, the actual methods of computation with somewhat modified nota-
tion are given in this introductory article.
Schumacher "(1928) adapted a similar mode of computation to a study
of red fir in California. He first pointed out that there is a closer relation-
ship between skewness and average diameter than between skewness and
age-site class. The Forest Service had come to the same conclusion several
times previously. Charlier's Type A cu.rve was chosen in the preliminary
computations because of its relative simplicity as compared to Pearson's
equations. Schumacher modified the usual methods by finding graphically
the cumulative percentages of simple decimals and multiples of the stand-
ard deviation instead of the actual diameter classes. The same distribution
characteristics were found as have been mentioned in connection with the
Finnish studies; namely, average diameter, called "mean diameter" by
Schumacher, standard deviation, coefficient of asymmetry, and coefficient of
excess. The relation between the standard deviation and the average di-
ameter of the stand is expressed by a curve which is concave downwards
with a maximum at about 26 inches. The coefficient of asymmetry when
plotted upon average diameter shows a steady rectilinear rise from about
-.10 at 4 inches to about +.05 at 30 inches~ The coefficient of excess when
plotted upon average diameter gives a curve which is convex downwards,
starting with' values which are appr0Jeimately .00 at 4 inches, decreasing to
a minimum of about -.04 at 18 inches and then rising to about .00 again
at 30 inches.
There have been developed, therefore, three possible methods of solving
problems involving the construction of harmonized sets of diameter distri-
bution series in forest stands. One is based upon graphical methods with a
theoretical basis but subject to misapplication, another upon an alinement
chart method of anamorphosis and harmonization, and a third upon mathe-
matical computative methods. The following discussion will touch upon the
relative accuracy and "the comparisons or contrasts of the three methods
upon as much as the data will allow. The mathematical method is chosen
as a basis for comparison. Not only are the computations proposed by the
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ideal form is seldom attained. There must be some means of modifying the
normal equation to fit distributions which are not symmetrical. l'his is done
by use of quantities related to the third and foutth derivatives, </>s(x) and
</>4(x), and assuming that the modified curve is really the sum of three
curves. The sizes of the coefficients connected to these derivatives, f33 and
[34' indicate the extent to \vhich these secondary curves enter into the rela-
tion.
The third derivative will evidently make the symmetrical distribution
asymmetrical. Hence its coefficient (/33) is called the coefficient of asym-
metry. It forms in itself a curve which is symmetrical only to the origin,
thus reversing signs in changing from classes smaller than the average di-
ameter to classes larger than the average diameter. If the coefficient is nega-
tive, the effect is to increase frequencies on the immediate left side of the
average diameter, since multiplying a minus value by a minus coefficient
gives a plus correction. The values on the right, on the other hand, are de-
creased.
The fourth derivative represents still another type of correction. It is
fully symnietrical to the Y-axis, thus having values of the same sign on each
side of the average diameter. The extremely 'high center signifies that there
will be a decided effect upon the height of the middle portion of the curve.
Hence, the coefficient connected with it, f34' is called the coefficient of ex-
cess. If the coefficient is positive, the central class values will be raised; if
negative, they will be lowered by an amount depending upon the size of the
coefficient. Not only is the center affected, but the tails of the distribution
are also changed. A positive coefficient, for instance, reduces the frequen-
cies in the middle portions of the tails and increases them again in the ex-
tremes.
With these two types of corrections, a large number of the systematic
variations from the symmetrical form can be sufficiently well described.
The Type A curve is the one which was so extensively used in the Finnish
forest investigations and which is applicable to many forest stands after
they have passed the initial stage of rapid change in form of frequency dis-
tribution.
DISTRIBUTION CHARACTERISTICS
Before the detailed description of the methods of computation are given,
an .explanation of the parameters or characteristics defining a distribution
·mathematically is necessary. For the Type A curve, these parameters or
23
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of the frequencies. In Type A, the abscissre are expressed in terms of stand-
ard deviations about the average diameter, the value of \vhich is set equal
to zero. The appearance of the average diameter in Type B depends upon
which of the four methods of solution is used. In the method employed in
this study, it appears in only slightly converted form as the abscissa.
Standard deviation. As a measure of the dispersion of the diameters
around the average diameter, the standard deviation (8) is chosen, ex-
pressed in diameter units. The average diameter, the standard deviation,
and the total number .of trees are sufficient to define a normal or symmetri-
cal distribution. With an average diameter of 7.61 inches, for instance, and
a standard deviation of 2.76 inches, 68 per cent of the total number of
trees will fall within the limits of 7.61 plus and minus 2.76 inches. Within
the limits of 7.61 plus and minus twice the standard deviation about 95 per
cent will be tallied. If, therefore, the diameter classes are expressed in
terms of the standard deviation, there is found a common basis of compari-
son for stands of different average diameters and standard deviations.
Coefficieltt of asyrnmetry. The particular significance of the coefficient of
asynlmetry ({33) has already been touched upon. Its sign, plus or minus,
indicates whether there is a bunching of the trees to the right or to the left
of the average diameter. Its size indicates the degree to which this bunch-
ing takes place. Occasionally coefficients as low as - .220 to -.250 were
computed. As a rule, however, those which are lower than -. I 00 belong to
types which are better shown by the Type B curve.
Coefficient 01 excess. This coefficient CB4 ) shows the degree of peakedness
or flatness of the center of the curve as well as the deficiency or excess in
various portions of the tails of the distributions. Its values can also be posi-
tive or negative, but remain within narrower limits than the coefficients of
asymmetry, rarely attaining a numerical value over .060.
Coefficient of variation. The coefficient of variation (V) is not one of the
characteristics of the curve. It has a valuable place, however, in balancing
the fit of the standard deviation to the average diameter, since it is com-
puted by dividing the standard deviation by the average diameter
(~ X 100). In young stands its values are often over 50 per cent, subse-
quently reducing to values around 30 per cent with advance in age or, its
equivalent, increase in average diameter.
ErroYs~ As yet, nothing has been said of the certainty of these various
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ing the ordinates to a maximum value of about 2.,0, the intent being to
make the plotting easier. By these two devices the dist~ibutions can be placed
side by side and the intrinsic differences easily appreciated. Figures 5 to 10
(pages 57 to 59) show a set of such graphs for Douglas fir. Of these, Fig-
ure 5 is the plot just treated. The full line is the fit by the Type A equation,
and the dashed line is the fit by the Type B equation.
DIAMETER DISTRIBUTION SERIES OF SEVERAL
CONIFEROUS SPECIES
SPECIES INVESTIGATED
T.. HE methods outlined for the study of distribution series may haveseemed tedious. That they are not as difficult as they seem is evi-
denced by the amount of material which has been investigated in the course
of this study. More than 330 calculations of the distribution characteristics
were completed, a great bulk of which appears in the accompanying tabu-
lations. This study particularly emphasizes Douglas fir, since for this spe-
cies there are large amounts of assembled data from several sources, tempo-
rary sample plots for all sites and ages, permanent sample plots, combina-
tions of plots by average diameter for use in constructing stand tables, and
theoretical fittings by several graphical methods. It is only too apparent,
however, that the study of one species will not lead to an appreciation of all
the variations which may occur in nature. That the distribution series may
vary greatly between species is a certainty. The exact cause of difference
has not as yet been discovered. Some may conjecture that tolerant species
have large amounts of small trees and should exhibit, therefore, distribu-
tion series which are warped excessively towards the small diameters. The
effect of the many small trees, however, may just as well be detrimental to
the growth of the better trees in the stand, so that they will not advance into
the larger classes so quickly. In other words, there may be a balancing effect
and the curve may have a form which is not so badly warped after all. A
successful treatment of this complex question must include an intensive
study of one species to determine the effect of age, site, stocking, average
diameter, etc., and a more cursory study of a variety of species to determine
the effect of the species.
The following list summarizes the total material which this study men-
tions.
Douglas fir :
30 groups of temporary sample plots for analysis of age.
36
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19 groups of temporary sample plots for analysis of site.
2 I groups of temporary sample plots for analysis of stocking.
6 sets of permanent sample plot .measurements.
18 average distribution series drawn from the original stand table data based
upon a total of 2,052 plots on 261 tracts.
9 theoretical distribution series based upon the graphical method of probability
paper.
10 theoretical distribution series based upon the alinement chart method.
Red spruce:
7 sets of permanent sample plot measurements.
13 average distribution series based upon 137 temporary sample plots.
7 theoretical distribution series based upon the graphical method of probability
paper.
9 theoretical distribution series based upon the alinement chart method.
Balsam fir:
7 average distribution series based upon 53 temporary sample plots.
Northern white pine:
6 sets of permanent sample plot measurements.
Slash pine:
I I average distribution series chosen from a grouping of temporary sample plots
by site age classes.
9 theoretical series based upon the graphical method of probability paper.
Shortleaf pine:
12 average diameter series based upon 186 temporary sample plots.
Southern white cedar:
10 theoretical series based upon the graphical method of probability paper.
Western yellow pine:
_ 26 temporary sample plots.
Douglas fir (Pseudotsuga taxifolia [Lamarck] Britton). Douglas fir is
one of the most important timber trees in the United States. Its rapid
growth, the possibility of large size, and the extensive areas of immature,
evenaged forests have made the study of its yields very important. , The
amount of data collected is so enormous that a study of the entire collected
mass of material would be almost impossible. Therefore, much of the data
had t6 be chosen arbitrarily. This study culled over the tallies of more than
two thousand temporary sample plots to get a series which would represent
a range of ages in the same general site series and with approximately nor-
mal stocking. Then it chose in one age class, 70 years, a set of plots to rep-
resent the full range of site classes. It also tried, though not very success-
fully, to get a series of plots representing a full range of stocking in a
single age and site class.
The results drawn from temporary sample plots, however, must be
checked by the results of permanent plots to ascertain whether the true
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trends are actually indicated by combining temporary plots of many ages
into growth curves. Therefore, this discussion includes the available per-
manent plots which are known to be accurately measured.
Finally, after the establishment of general principles, a number of strong
distribution series, obtained by grouping the material of the whole yield
study into average diameter classes for the purposes of computing stand
tables, are handled by the methods of this study.
Effect of age.
Table IV, Part A, lists the groups of sample plots used for determining
the effect of age upon the diameter distribution characteristics. Single plots
were avoided when the combination of several plots with the same degree
of stocking on the same area could be effected. This group is a series of
well-stocked plots representing the entire range of ages from 34 to 175
years. The grade of land upon which the plots were measured is approxi-
mately Site Quality II.
Figure 3 is a graphical representation of the trends of the several charac-
teristics. W~th such limited material an irregularity of plotted points is to
be expected. With some of the characteristics there is real evidence of cer-
tain definite movement, but with others it is more disguised.
:{. Average diameter, of course, increases with age. The curve is not a
straight line, but is continuously concave downward within the limits of
the ages included.
2. The curve for standard deviation could just as well be represented
by a straight line for a portion of its range between 30 and 100 years, even
if it seems to be warped slightly. The older, erratic plots have the tendency
to pull down·the upper end of the curve.
3. The trend for the coefficient of variation is regular for the ages when
the standard deviation can be expressed by a straight line, but it is dis-
turbed by a few high points at 120 years. It starts with high values of ap-
proxImately 40 per cent in the young ages and sinks rapidly to an appar-
ently constant size below 30 per cent in the older ages. Figure 3 shows how
the curve for the coefficient of variation can act as an intermediary between
the average diameter and the standard deviation. The three curves will be
found to check with each other and still fit the points upon which they are
based.
4. The coefficient of asymmetry starts with extreme negative values in
the young ages and rises at first very rapidly and then more slowly, reach-
ing an apparent stabilization near -.020 in the older ages.
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Each characteristic evidences, therefore, a certain trend. Their curved
values can very \vell be used for expressing the ideal values for the basis of
theoretical harmonized distributions. The data chosen, however, repre-
sented only a tentative series and, since much stronger material is later
treated, this operation will be omitted here.
There is undoubtedly a relation between the age of a stand and the stand
characteristics, judging even from this limited material. Since one of the
most obvious and constantly rising characteristics with age is the increase in
average diameter, the suggestion arises that it may be possible later to
eliminate age and to base series on average diameter by itself.
Effect of site.
Advance in age is not the only force acting upon the character of the dis-
tribution series. Site has a decided effect upon the rate of growth. The
variation in average diameter of a single age class is very large in the full
range of site classes. Thus, in Table IV, PartB, listing nineteen groups of
plots of which seven are contained in the age series of Part A, the smallest
average diameter is 7.58 and the largest is 19.77 inches, even though all
the stands are in the same age class. Again there is little doubt regarding
the trends of the average diameter and the standard deviation. The trend
of the coefficient of variation is more veiled, but the higher values are found
at the top end of the table where the poor sites are listed. The trend of the
coefficient of asymmetry is pronounced, evep. if the erratic groups, plots
1441, -4, 20I9, 2020, -4, and 1234, are eliminated. The coefficient of excess
has values close to zero at the head of the table and negative at the foot of
the table.
The question of erratic plots is a disturbing one. The distributions of
some plots, resembling the erratic values of the three groups just men-
tioned, had large positive coefficients of excess and large negative coeffi-
cients of asymmetry. Several times this peculiarity was related directly to
the presence of trees ·of somewhat older age and consequently better de-
velopment. The effect this condition had upon the distribution series was to
extend the range into higher diameter classes and to tend towards larger
negative coefficients of asymmetry and larger positive coefficients of excess.
Two-agedness, even if there is but ten years difference, is detrimental to the
smoothness of the relations between the distribution characteristics. On plot
group 61 50 , -I, -2, -3, however, this explanation does not hold at all. The
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No explanation can be given for this entirely abnormal relation without
further inspection.of the actual stand.
No diagram is given of the change of stand characteristics due to differ-
ence in site. It is evident, however, that again, as with the trend through
age, the possible alternative exists for obtaining valuable relations by plot-
ting the characteristics upon the average diameter directly.
Effect of stocking.
Part C, Table IV, lists a number of plots whose purpose is to show the
effect of stocking upon the stand distribution characteristics. The criterion
for judging stocking was based upon the total basal area of the plots. If,
for instance, a plot of certain age and stocking had a total basal area which
was 90 per cent of the amount stated in the normal yield tables, it was
called 90 per cent stocked. The plots of Table IV, Part C, were chosen so
as to cover as much of a range in basal area normality as possible without
preliminary consideration of the possible character of the diameter distribu-
tion series. Hence, the data include a few groups of plots which are un-
doubtedly erratic, the most marked being group 156o, -1, -2, -3.
Very l~ttle can be concluded from these plots as to the effect of stocking
upon the distribution characteristics. Every item behaves more or less ir-
regularly. That the lesser degrees of stocking are conducive to larger di-
ameters is evidently a false premise. It is a conclusion closely related to
that made by the author (Meyer, 1929), in which he shows by diagrams
that understocking in second growth Douglas fir is more a matter of the
small holes in the canopy than a matter of widened spacing. If this is true,
one can easily see why stocking has no effect upon the distribution charac-
teristics, since reduced stocking really amounts to a reduced area instead
of wider spacing over the same area. Were it possible to choose the material
in the field to conform to the definition of wide spacing, then there might be
found some connection between stocking and the distribution characteris-
tics.
The range of average diameters in this class of material is almost too
small to show whether there is any relation between the average diameter
and the size of the various characteristics, as is the case with the plots rep-
resenting ranges of age and site.
Computational peculiarities.
Before any further analysis is made, a number of miscellaneous ques-
tions must be answered. One question deals with the effect that the elimina-
45
DIAMETER DISTRIBUTION SERIES IN FOREST STANDS
tion of erratic trees ·in a tally would have upon the distribution characteris-
tics. Another treats the possibility of simplifying the computations by com-
bining diameter classes into groups of two instead of maintaining the single
inch classes. A third deals with the inordinately large size of the errors of
the ·coefficients of asymmetry and excess.
The removal of one or a few erratic trees from the tally may affect the
size of the characteristic strongly, depending upon their position in respect
to the normal diameter range. Thus, in plot group 1I 57, -9, 1160, -1, of
Table IV, four trees above forty-four inches in diameter were arbitrarily
eliminated because of their unduly large size and possibly greater age. This
change resulted in reducing the average diameter from 26.11 to 25.34
inches, the standard deviation from 7.1 1 to 6.67 inches, the coefficient of
variation from 27.2 to 26.3 per cent, the coefficient of asymmetry from
-.076 to -.020, and the coefficient of excess from +.012 to -.030. In
other words, the effect upon the first three characteristics was slight, but
the effect upon the last two ,vas decided and brought an erratic plot into
line with the regular plots. Groups 1879, 1882, were also similarly treated
by elimination of three trees above forty-two inches. In this instance the
average diameter reduced from 23.43 to 22.51 inches; standard deviation
from 7.71 to 7.14 inches; coefficient of variation from 32.9 to 31.7 per cent;
coefficient of asymmetry increased from - .078 to -.012, and coefficient of
excess decreased from +.016 to -.027. This change is exactly similar to
the first and resulted in placing another erratic plot into conformity with
the others. The warning must therefore be issued to beware of erratic trees.
With diameter ranges such as were encountered in Douglas fir, it would
be advisable to try to group diameters to eliminate work. Ranges of diame-
ters including as many as thirty to thirty-five classes had to be handled at
several times. Recomputation of such tallies by using two-inch classes gave
results which check very closely to the original computations.
Table V illustrates some of these checks. The characteristics are practi-
cally the same. The only caution that need be expressed is that, in comput-
ing the average diameter, the center of the class must be determined prop-
erly; for instance, the center of the 12-13 inch class is 12·5 inches, since
this class includes all trees from 11.6 inches to 13.5 inches. It is best to
have at least ten diameter classes, but it is awkward to work with more than
twenty ·classes.
The errors listed after the coefficient values in Table IV at times seem to
negate the entire value of the coefficient. Evidently if there is to be any rna;"
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terial retained, the sizes of the errors must be considered with caution.
Their inefficacy is well illustrated in the table. By the formulas upon page
28 it can be seen that the errors depend simply upon the number of ·trees
entering into the calculation, and not upon the size of the coefficient. Hence
the situation is likely to arise that a reliable coefficient, or one which is con-
sistent with the average trend, having a small size and computed from a
relatively small number of trees, might be considered of no value, while a
large coefficient entirely erratic might be retained. For instance, if a stand
has a coefficient of asymmetry equal to .020, it would take over 7,300 trees
to get an error of one third of this size. With a coefficient equal to .100, only
about 370 trees would be necessary. Such inconsistencies make the use of
the errors unfeasible. In all further tabulations they are, therefore, no
longer stated, but if desired they may be very easily derived.
Permanent sample plots.
The Forest Service has maintained a number of permanent sample plots
in evenaged Douglas fir forests for the last nineteen years. The results of
fifteen years' history, together with a tabulation of the distribution charac-
teristics, were published recently (Meyer, 1928). A few more values have
been added to the list and are shown in Table VI.
It was upon the strength of such data as these that the statement was
then made that there seemed to be a trend of the coefficient of asymmetry to
values which were less negative and even beyond this into more positive
values. Each plot shows the same trend in this respect. The trend of the
coefficient of excess is less distinct and varies slightly from plot to plot,
some being constant, others reducing, and still others increasing, chiefly
because the plots are near the stabilized value. To a certain extent, there-
fore, the sample plots affirm that there is a trend in the size of the diameter
distribution characteristics with age.
Effect of average diameter.
The several summaries show that there is undoubtedly a change in size
of the stand characteristics with changing conditions such as age and site.
In all instances where there is a definite relation, the trend of the average
diameter is also pronounced. In other words, the use of the average diame-
ter as the primary characteristic upon which to sort the original data will
surely help to eliminate the variables of age and site, providing, of course,
there is no intrinsic change in the distribution of stands of the same aver-
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scantiness of the nlaterial and the arbitrary choice, they follow the curve
very well. A few minor deviations may be ascribed to the weakness of the
data.
The values of Table IV, Part B, were plotted in a similar way, but are
omitted here so as not to confuse the figure. The few plots in the diameter
classes below ten inches, with the exception of an erratic one, do not have
the positive excess indicated by complete material. In larger average diame-
ter classes the variation from the curve is little. There seems to be no valid
reason why the range in site cannot be expressed by means of the average
diameter which it affects.
Having found that the characteristics have definite trends with increas-
ing average diameter, we are now in a position to see to what result the cur-
rent graphical methods of evolving stand tables lead. Table VII lists, in
addition to the characteristics of the original data, characteristics of sample
theoretical series obtained by the two graphical methods of probability pa-
per and alinement chart. For standard deviation and coefficient of varia-
tion, these methods check very closely with the original data and the curved
values of Table VIII. The charts illustrating this are not shown, since they
are merely copies of Figure 4 with plotted points which lie close to the
curved values. When the coefficients of asymmetry and excess are consid-
ered, however, a different result is obtained. Both methods iron out the
trend in these two characteristics and force a constant value upon them.
The existing irregular variation is due to inaccurate reading of the proba-
bility paper or alinement chart. The first method gives values of the coeffi-
cient of asymmetry ranging irregularly between -.061 and -.087 in eight
out of nine trials, and the second method gives values ranging between
-.032 and -.049. In respect to the coefficient of excess, the first method
results in values which approximate zero, and the second in values between
-.020 and -.030. In general, this means that in this instance the first
method gives theoretical distributions with greater negative skewness and a
more normal excess than the second method, ,vhile both miss the trend
which undoubtedly takes place. To a certain extent, therefore, the graphical
methods fail to represent the true conditions because they apparently force
a set of curves of varying form into a set having but a single form.
Goodness of fit.
A number of sample computations have been made from some of the sets
of characteristics of Table VII, so that the ,veaknesses of the mathematical
fitting might be better understood. In addition to computing the frequencies
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for Type A equation, a number of calculations were made in the smaller
average diameter classes for the fit according to Type B. Approximations of
Type B were made employing both two terms and four terms of the equa-
tion. The methods of computing the distributions have appeared on pages
21 to 28.
Tables IX and X illustrate the great superiority of the Type B fittings in
the small average diameter classes, even if only two ferms are used. This
type, never used before in forestry, has evidently a good place ' in certain
types of stands. Over an average diameter of seven inches, the Type A fit-
tings become more and more reliable, except in a few instances in which
some idiosyncrasy or other gives a fit which, in terms of the Pearsonian test
for goodness of fit, seems to be quite poor. The severity of this test can be
well appreciated by scanning one of the apparent poor fits more closely. For
instance, average diameter 21.16 inches, which has the lowest probability
of the larger diameters, has frequencies which are satisfactory enough for
practical purposes. The irregularity of the diameters between eight and fif...
teen inches alone contributes over seven tenths of the total value of X 2 •
Similarly, several other fittings with low values of P apparently have only
a fe\v erratic diameter classes.
Type B fittings were not computed for the higher diameter classes, partly.
because they approach Type A as a limit and because the labor involved in
computing the four terms for a superior fit is much greater than that of get-
ting the terms of the corresponding Type A. They cannot be used in Doug-
las fir much beyond the average diameter indicated, since it was found that,
with large average diameters and standard deviations, certain unexplain...
able discrepancies crept into the theoretical series. The importance of Type
B for the low average diameter classes, however, should not be minimized,
especially if it is found by further tests that two terms continue to be suffi-
cient for practical purposes. The .increased accuracy obtained by including
four terms is hardly worth considering, especially since the value of P must
be considered only in a general way and not as an exact decimal value.
Figures 5 to 10 illustrate graphically a number of Type A fittings. In
these figures the abscissre represent the diameters plotted in terms of stand-
ard deviation and the ordinates represent~F(x), \vhere F(x) is the num-, N
ber of tree~ in a diameter class. By this means all the distributions can be
converted to a single graphical basis.
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Type B fit. According to Tables IX and X, the Type B fit seems to be much
superior, and the chart supports this conclusion, but in addition illustrates
how much the test for goodness of fit is affected by relatively slight differ-
ences.
A brief examination of Figures 5 to 10 indicates that certain systematic
deviations are present. All the curves start somewhat high on the extreme
left. Then at about - 1.5 to -2.0 the curves have the tendency t9 drop be-
low the actual frequencies, recrossing again in the vicinity of -.5 to o. For
the remainder of the curve the deviations may be either minus or plus with-
out any special regularity. The excess in the smaller diameters and in the
vicinity of the average diameter is practically always present. It seems to
indicate that the asymmetry is even somewhat greater than the coefficient
infers.
Results obtained by the study of Douglas ·fir.
An attempt has been made in the last pages to place the construction of
stand tables upon a mathematical basis. The questions which had to be an-
swered cannot easily be grouped under one heading; consequently the ana-
lyzing of one item after the other may have had a distressing effect. For the
purposes of tentatively summarizing the study of Douglas fir, of relating
the results in a minimuln amount of space, and of allowing a certain de-
gree of orientation for further tests upon other species, a review must now
be made.
A random choice of temporary sample plots measured in a yield study
established the principle that, with increase in age, normal stands show
very definite tendencies to change the form of their distribution series. Not
only is there the obvious change in the total number of trees and average
diameter, but there is also a change in the less apparent characteristics of
the distributions. These characteristics, consisting in the standard devia-
tion, the coefficients of variation, asymmetry~ and excess, \vhen plotted upon
age, form the basis of curves which are fairly well defined in>spite of the
small number of plots. Average diameter and standard deviation increase
with age, but at a less rapid rate in the older ages. The coefficient of varia-
tion decreases with age and approaches a constant value of approximately
27.5 per cent. The coefficient of asymmetry .increases from decided negative
skewness to values approximating -.020. The coefficient of excess
from positive values to negative values approximating -.018. The stabi-
lization of each of these three coefficients seems to occur at about eighty
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'Additional plots, chosen for the purpose of illustrating the effect of site
upon the distribution curves, showed exactly similar tendencies when
plotted upon average diameter. Plots chosen to represent the effect of stock-
ingupon the distribution characteristics, however, failed to reveal any satis-
factory trends.
On the two successful plots the trends of average diameter were easily
determinable, while in the last instance there was no such trend. This led
to the analysis of plots grouped by average diameter. Fortunately, com-
pletely satisfactory data ,vere at hand with which to solve this phase. The
basic data for the stand tables constructed by the Forest Service were as-
sembled by just this sort of grouping. The trends of the distribution char-
acteristics were readily established by simple graphical methods. The stand-
ard deviation increased with increasing diameter almost rectilinearly, hav-
ing only slight curvature in the smaller diameters. The coefficient of varia-
tion decreased from values of 44 per cent at four inches average diameter
to 30 per cent at twenty-two inches. The coefficient of aSyl1}.metry increased
from the large negative value of -.r68 at four inches to -.029 at t,venty-
two inches. The coefficient of excess decreased from +.045 at four inches
to -.023 at t,venty-two inches. The curves of all three coefficients were
\vithout points of inflection, but started with relatively high degrees of slope
and approached a constant value. The characteristics of the few plots chosen
to determine the effect of age evidenced no distressing variations from these
curves.
When the results of the mathematical method were compared to the re-
sults obtained by the usual graphical procedure now being used for stand
table construction, it was ascertained that ,the graphical methods resulted
in eliminating the progression of the coefficients of asymmetry and excess,
although maintaining the standard deviation and the coefficient of variation
in their true relations. In other words, an the distributions were reduced
to curves of one form, without the variation which the original data de-
manded.
For the purposes of understanding more fully ho,v the mathematical ex-
pressions represented the original data, the coefficients of the individual
combinations were checked back by computing theoretical distributions
upon the basis of both Type A and Type B curves. The latter proved to be
superior in fit for the small average diameters, even if only two terms
equation were used. The advantage of this reduction in computation
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nipulations. If all four terms are to be computed, however, the Type A curve
is more easily handled and less bothersome. This type was used for all dis-
tributions of the larger average diameters. Tests of goodness of fit, as de-
fined by Pearson, showed that the theoretical distributions were .eminently
satisfactory except where the lack of conformity could be traced to a few
erratic diameter classes. The excellent fits of the theoretical curves to the
original data lead to the conclusion that the curved values of the several
distribution characteristics will form a reliable basis of a set of harmonized
frequencies which will accurately express the ideal condition.
Red Spruce (Picea r.ubra Link). The second species upon which con-
siderable time was spent was red spruce. Since the second growth stands of
red spruce are not so extensive or so choice as the stands of Douglas fir,
some of the results were not entirely satisfactory. The original data came
from a yield study of recent years covering the spruce and balsam stands
of the northeast (Meyer, 1927). The temporary sample plots were grouped
by average diameter and analyzed without the preliminary analysis of
single plots for indications of the relations of the distribution characteris-
tics with stand factors, such as age, site, or stocking. In .addition, measure-
ments of seven permanent sample plots were handled for an indication of
the trends with age.
Two more contrasting species than red spruce and Douglas fir could
hardly be chosen, spruce forming slow-growing, dense stands, at times al..
most stagnant, and Douglas fir forming stands which continue their rapid
development into old age. The difference in tolerance of the two species
probably accounts for some of the variation between their growing habits.
Permanent sample plots.
A number of permanent sample plots in red spruce have been established
in New Hampshire and have been remeasured since 1904. These permanent
sample plots, all in a single stand with the exception of plot 762, have a
surprising variety of values, and the only characteristic which has some
measure of consistency between plots is the average diameter. It increases
rather because of loss in numbers of the small trees than because of rapidity
of growth. This is substantiated by the size of the standard deviation which
changes but slightly in any of the plots. Consequently, the coefficient of
variation has a rapid decrease during the twenty years. The coefficients of
asymmetry show a trend only in plot 711. Here the coefficient decreas~;~ .."
steadily, a condition contrary to any found in Douglas fir. The coeffici?pfs
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The current graphical methods of stand table procedure, those by proba-
bility paper and by alinement chart, match fairly well in respect to the
standard deviation and its derivative, the coefficient of variation. With the
coefficients of asymmetry and excess, there is again the tendency to destroy
the individualism of the original data. The rapid change for the lower
average diameters, which is significant in such stands as are changing from
one distribution type to another, is eliminated. A slight indication of this
trend is apparently obtained by the probability paper method, but is very
indefinite and may be due to inaccurate reading of the probability paper.
Comparisons between red spruce and Douglas fir.
If Figures 4 and I I or Tables VIII and XIII are compared, the differ-
ences between the two species are made apparent. In the same average di-
ameter range, that is up to twelve inches, Douglas fir has substantially
larger values of the standard deviation than red spruce. This means that in
stands of the same average diameter Douglas fir will have a wider distribu-
tion of trees through the diameter classes. There is a greater assertion of
dominance and the density of the stand does not retard the dominant trees.
The coefficient of asymmetry for red spruce is substantially different, being
much nearer the normal or zero value throughout the whole range. This
does not mean that there is an accumulation of small diameters to affect the
shape of the curve, as may be supposed, but rather that the greater numbers
of trees actually seem to hold back the larger trees so that diameter growth
is slow and the number of diameter classes does not increase rapidly with
age. The coefficient of excess also indicates that the distribution curves of
red spruce are much nearer the normal form than those of Douglas fir. For
average diameters of seven inches and over the normal form will do well as
an approximation for spruce.
Goodness of fit.
A number of the original series used for the basis of the distribution
computations are also checked for fit by the Type A and Type B formulas,
as was done with Douglas fir. This time only two terms were considered
for the Type B. The theoretical and actual frequencies are listed in Table
XIV.
Neither type of distribution shows the fine fit Douglas fir had. The errors
in absolute numbers, however, are not so large that the fittings should be
considered as having no value. The tests for goodness of fit also illustrate
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that the data are by no means as satisfactory as the Douglas fir data. The
Type B fit does not appear to such great advantage as it did previously, al-
though in a number of smaller diameters it is undoubtedly superior. If
average diameter 6.13 of Table XIV is considered, we find that much of
the size of X 2 is due to the two or three erratic classes of the actual fre-
quencies. The same is true with average diameter 6.83, where over half of
the value of X 2 is due to the erratic diameter class 7. This method of testing
goodness of fit is, therefore, somewhat too sensitive a measure to be applied
successfully to all forest stands. Its purpose, however, lies chiefly in bring-
ing out more effectively the comparative value of two fits. Again the warn-
ing must be made that the computed probability must not be interpreted by
its strict decimal value, but rather by its general size. For instance, average
diameter 6.83 has probabilities of .1053 and .1783 for Type A and Type B
fittings, respectively, but no special significance should be attached to this
difference. The two fittings apply almost equally well to the actual data.
The values for X 2 and P must therefore be balanced by erratic qualities of
the actual distributions. The slight additional accuracy obtained by using
more than two terms for the Type B curves, involving much additional la-
bor, does not permit the recommendation of this procedure. It is gratifying
that two terms alone should furnish as good a fit as they do.
Results obtained by the study of red spruce.
Permanent sample plots in red spruce with one exception fail to show any
change in the characteristics of the distributions beyond the usual increase
in average diameter and standard deviation and the reduction in coefficient
of variation. The coefficients of asymmetry and excess remain constant on
most of the plots. By reference to the curved values for these coefficients
(Table XIII), it can be seen that the coefficients are near a stabilized value
for stands of the average diameter represented by the plots. Hence the
analysis of these permanent sample plots can scarcely be expected to show
any trends.
On the whole, the data are much less satisfactory than those treated in the
study of Douglas fir. Pronounced irregularities are found in each part of
the analysis, but they are not so bad as to obscure the real trends of the
characteristics. The standard deviation increases with average diameter at
an almost rectilinear rate. Similar to Douglas fir, the coefficient of asymme-
try has a trend from extreme negative values to values approaching zero,
and also the coefficient of excess has a trend from positive values to nega-
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tive values. In both, however, the trends of red spruce are decidedly nearer
to zero. In other words, red spruce has more normal distribution series than
Douglas fir.
Table XIII lists curved values for the characteristics which, if applied
to the tables for average diameter and number of trees of a yield survey by
the usual method of frequency calculation, will give harmonized distribu-
tion series. For the lower average diameters Type B curve is recommended
even if only two terms are used. For the larger diameters, the Type A curve
is recommended.
The standard graphical methods of calculating stand tables again ap-
pear at a disadvantage in that they eliminate the progression in the form
of the distribution curve by averaging out their coefficients of asymmetry
and excess.
Tests for goodness of fit did not result in such admirable values as were
obtained with Douglas fir. Too many irregularities in individual diameter
classes led to apparently decreased accuracy of the theoretical fits. This is a
situation which may often arise when unsatisfactory or incomplete data are
treated. The irregularities of certain data may be so great at times that the
trends are entirely obscured. In such instances, average values for the coef-
ficients must be ascertained and used as approximations for the whole mass
of data. In other computations the irregularities may be readily avoided by
a thorough scanning of the data and rejection of undeniably erratic series.
Balsam fir (Abies balsamea [Linnaeus] Miller). Closely associated with
red spruce throughout its entire range is balsam fir. Pure stands of balsam
fir are found occasionally, but are seldom very extensive or very' choice and
are usually subject to rot at an early age. Consequently older forests of large
average diameter in fully stocked condition are rare. The same yield study
which investigated red spruce also observed balsam fir and measured a
number of plots which were fairly pure and fully stocked. All trees down to
and including the one-inch class were tallied. Some of these plots are com..
bined here into average diameter groups and subjected to the mathematical
methods. In all, fifty-three temporary plots are used, combined into seven
diameter groups ranging from 1.76 inches to 7.97 inches. Because of the
scantiness of the material and the irregularity of the plotted points, the
trends generally had to be arbitrarily established. Table XV lists the origi-
nal values, Figure 12 shows the plotted points, and Table XVI, the roughly
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the stand when it reaches the older ages has affected the distribution of the
diameters. That it should have resulted in extending the standard devia-
tion is not entirely obvious. In Table XVI, therefore, a choice is given be-
tween the two curves, one following the points more closely than the other.
At the present time this question cannot be answered more definitely. Too
little is known of the behavior of the stands in the older ages, since practi-
cally all the stands studied were under sixty years of age.
The curves for coefficient of asymmetry and excess take again the general
form observed for red spruce, descending for the coefficient of excess and
ascending for coefficient of asymmetry. The values are practically identical
to those of red spruce. The standard deviation, however, for balsam fir at-
tains appreciably higher values.
Northern white pine (Pinus strobus Linnaeus). Comparatively few data
were treated for northern white pine, but several sample plots that were
tested had been under management for the last twenty years or more. The
results from these plots might be given with the warning that such single
plots can show much variation.
In spite of the sparseness of data, Table XVII is interesting simply be-
cause of the apparent contradictions in it. Plots 604 and 737A, both of
which are in natural stands, have characteristic trends of the coefficient of
asymmetry and excess, as have been observed with the other species. The
values of the coefficients of asymmetry and excess closely approach those of
Douglas fir rather than those of red spruce or balsam. The planted stands
644, 645, 646, and 666, however, present a complete reversal of any condi-
tion as yet analyzed. For instance, plot 644, with asymmetry decreasing
from positive to decidedly negative values, and plots 646 and 666, with their
positive asymmetries, lead directly to the tentative conclusion that planted
stands are entirely different from natural stands in regard to the character
of the distribution series. In three out of four plots the planted stands have
smaller standard deviations than those for red spruce. The natural stands,
however, have deviations which are larger than those of red spruce. The
freedom from interference and competition in young planted stands tends
towards the development of large sizes in much greater abundance, conse-
quently, towards positive asymmetry. Distribution series, therefore, cannot
be applied indiscriminately to natural stands and to planted stands.
Unfortunately, the material is much too scant to allow the establishment
of curves which might serve for the purpose of drawing up harmonized
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Slash pine (Pinus caribaea MoreIet). The Forest Service measured nu-
merous sample plots in the course of an extensive yield study of the south-
ern pines. The author has selected from this study the plots containing slash
pine and shortleaf pine. Although material was also obtainable for longleaf
and loblolly pine, these were not treated, because it was hoped that the two
species chosen would represent the southern pines sufficiently. Of the chosen
two, slash pine is first discussed. In the original treatment, the plots were
combined by site-age classes for analysis. The stronger groups form the
basis for the following. In addition to this original data, values derived by
the probability paper method are shown in Table XVIII.
The theoretical values show regular trends of the average diameter,
standard deviation, and coefficient, of variation as is to be expected. The
coefficients of asymmetry and excess approximate zero. This means the theo-
retical distributions are represented by the normal symmetrical equation,
the kind which would be obtained by using the probability paper with
simple diameter graduations. When the first part of Table XVIII is ex-
amined, the trends of asymmetry and excess are somewhat veiled even
when the plots are sorted by average diameter classes.
These tables have no significant trends, although the standard deviation
and coefficient of variation as usual exhibit easily determined progressions.
The coefficient of asymmetry can vary in the same diameter class from
-.036 (age 25, site 90) to +.069 (age 45, site 60). All 2s-year age
classes, however, have negative values, and all the higher ages except one
have positive values. When plotted upon average diameter and connected in
series of same age class through a range of site or in the same site class
through a range of ages, they have no distinctive determinable trend, other
than the general ones noted. Undoubtedly, therefore, the only expedient in
such a case is to assume an average coefficient.
The same holds true with the coefficient of excess. Whereas the theoretical
values obtained by the probability paper method gave coefficients of asym-
metry and excess averaging to approximately zero (-.008 and -.004),
these original data seem to indicate that they should be nearer to -.016
and -.012. The difference is scarcely worth noting, for it is undoubtedly
due to the inclusion of data not considered above and will affect the distri-
butions but slightly. Special charts and curved values are omitted for this
species.
Shortleaf pine (Pinus echinata Miller). The second southern pine
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Very tolerant: balsam fir, southern white cedar.
Tolerant: red spruce.
Intermediate: northern white pine, Douglas fir.
Intolerant: slash pine, western yellow pine.
Very intolerant: shortleaf pine.
Of these, the three listed as very tolerant and tolerant approach the zero
values of asymmetry and excess as a limiting value in the best manner and
within the smallest average diameter range. This does not mean, however,
that the approximately normal condition is attained in the shortest time,
since these three species are among the slow-growing ones. The intermedi-
ate species, Douglas fir and western yellow pine, not including slash pine
which was too irregular, appear with the lowest asymmetry and the highest
excess. But following this, the very intolerant species, shortleaf pine, has
the highest asymmetry, thus destroying the trend from intolerance to toler-
ance. In regard to the standard deviation there seems to be very little con-
nection between tolerance and the size of this characteristic. Practically all
the species retain a negative asymmetry throughout the diameter range ex-
cept the two of the species listed as being intolerant and very intolerant,
western yellow pine and shortleaf pine. Apparently, therefore, tolerance has
little to do with the diameter distribution.
Although the absolute characteristics of the several species may be unre-
lated, they usually follow distinctly similar trends, and the standard devia-
tion generally forms a fairly straight line. The curvature in it expressed for
balsam fir and shortleaf pine is probably caused by faulty material rather
than by a peculiarity of the species. The coefficient of variation, not dupli-
cated in Figure 16, practically always forms a curve which is concave up-
wards, with a rapid decrease in the initial stages, gradually approaching a
constant value of 30 per cent. The coefficient of asymmetry always forms a
curve starting from extreme negative values, rising at an initial rapid rate
which soon falls off. The majority of the curves seem to take the zero ordi-
nate as the limiting value. The coefficient of excess, however, has the oppo-
site trend, proceeding usually from positive values in the smaller average
diameter classes, crossing the axis, and then assuming negative values
which finally approach a limiting constant value. The one exception is
southern white cedar, for which only graphically derived distributions were
available. Since examinations of the graphical methods of forming theoreti-
cal distributions have shown that the true trends of the coefficients are often
eliminated, this contradictory trend of southern white cedar should not be
accepted at its face value.
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Each species is, therefore, distinct in its diameter distribution series. The
trends may be conformable, but the range of values may be entirely unlike.
SUMMARY AND CONCLUSIONS
METHODS
D ISTRIBUTION series of the sizes of trees in evenaged forest standscan be analyzed either graphically or mathematically. Graphical
analysis reached its highest stage of perfection in American forest research,
while mathematical methods have been used in certain of the European in-
vestigations. Of the several methods of mathematical analysis, the methods
advocated by Charlier (1906) have been practically the only ones to be
adopted to any extent by foresters. Of Charlier's two methods, the one de-
scribed as Type A is the one which has been previously favored. The pres-
ent investigation shows that Charlier's Type B equation also finds an im-
portant place in the description of diameter distribution series. In this
bulletin the complete computational methods are described, including the
derivation of the distribution characteristics and the evolving of, the theo-
retical distribution series.
The computations needed for the determination of the equation for the
two Charlier types of curves are well systematized and are easily followed.
For the Type A curve the characteristics which are necessary are: average
diameter, standard deviation, number of trees, coefficient of asymmetry,
and coefficient of excess (pages 23 to 28). To these is added the coefficient of
variation which serves as a check of the relation between the average di-
ameter and the standard deviation. For the Type B curve the necessary
characteristics are the average diameter, the standard deviation, the num-
ber of trees, and several unnamed coefficients, A, B 2 , B a, and B 4 (page 31).
Tables existing for each of the curve types facilitate greatly the computa-
tion of theoretical distributions.
The Type A curve is one which expresses deviations from the normal
form of the probability curve by introduction of the third and fourth de-
rivatives of the probability function. The third derivative allows for skew-
ness to either side, and the fourth derivative allows for 'excess frequencies
in the central and the extreme diameter classes. The Type B curve, how-
ever, can typify a larger variation in frequency curves. With increase in
value of a certain one of its parameters (A) which is closely associated with
the average diameter, the curve changes in form from a distribution which
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is one-branched, having its greatest frequencies in the smallest classes, to a
distribution which approaches more and more closely the form of the Type
A curve. In order to test the applicability of these equations to forest stands
a number of theoretical frequencies are given (see Tables II, III, IX, X,
and XIV), and checks are made with the actual frequencies, which they are
supposed to represent, by a method sponsored by Pearson, called the uX2
test for goodness of fit." It was found in these comparisons that this test was
often too severe a criterion, since single diameter classes could affect the
values of X2 greatly. The test assisted materially, however, in establishing
the preference of one or another type of fit to the actual data.
The Charlier types are here found to represent individual distributions
with satisfactory accuracy. The next step is to investigate the distribution
characteristics to determine whether any definite trends exist with change
in condition of the stand, or whether the form of the curve remains constant
in spite of varying condition. Most previous investigations laid but small
emphasis upon the possibility of such a change. It is found that these trends
are of a definite type, regardless of species. Tree species is a factor, how-
ever, in that the trends of the stand characteristics can take place through
different ranges of values. Such determinable trends when finally curved
out form a good basis for computation of harmonized diameter distribution
series.
GENERAL RESULTS
A number of generalizations can be drawn from the study of the eight
species which enter into this investigation.
In the first place, it substantiates the practice of grouping plots by aver-
age diameter, instead of sorting them by site and age classes, a method
which is in vogue in the usual stand table procedure of American forest
practice. This leads to much simplification of computations and in addition
removes much of the variation, which is due to unknown factors. The ar-
rangement by average diameter is therefore one which is used considerably
in this study.
Both the Charlier Type A equation and the Charlier Type B equation
have their place in the description of diameter distribution series. The Type
B is preferable for stands of small average diameter in which there is a de-
cided truncation of the diameter scale at the lower end. Even if only two
terms are used for this type, it still shows superiority to Type A, especially
with Douglas fir. When the average diameter rises, however, to a value for
which the distribution is not exceedingly warped, Type A is preferable.
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This transition is not so very difficult to grasp, since after all Type A is said
to be the limiting form of Type B. The recommendation is made, therefore,
that Type B should be used for the smaller average diameters and Type A
for the larger average diameters.
The Pearsonian X 2 test for goodness of fit applied to Douglas fir and red
spruce supports the above contentions. The test is, however, often too severe
a criterion, since it fails to take into account purely erratic conditions,
which are continually arising in forest stands, such as excessive numbers of
trees in one or two diameter classes.
The trend of each of the stand characteristics with increase in average
diameter follows the same general law in most of the species, and where
there is nonconformity, the disagreement can be attributed to faulty mate-
rial. The standard deviation changes with average diameter at an almost
rectilinear rate. The coefficient of variation always starts high and sinks to
lower values with advance in average diameter. In all but one instance, its
curve is concave upwards. The coefficient of asymmetry, except for one or
two erratic sets of data, always rises from extreme negative values to values
which are nearer zero in a curve which is concave downwards. A few species
even go above the zero line. The coefficient of excess usually starts from
slightly positive values and progresses to slightly negative values in a curve
which is concave upwards. All three coefficients show the tendency to ap-
proach stabilized values in the higher diameter classes. This change in the
coefficients of asymmetry and excess means that there is a definite progres-
sion of curve type from negative asymmetry to symmetrical form or to posi-
tive asymmetry and from positive excess to negative excess.
I t is just this progression of the form of the frequency curve which is ap-
parently eliminated by the current graphical methods. In practically every
computation in which the graphical methods of stand table construction are
checked by the mathematical methods, this removal of the trend is obvious.
The method of using probability paper and that of using alinement charts
lead to similar results; namely, an averaging of the curve form through the
whole range of average diameter classes. It is easily conceived that this
effect can lead to decided error, especially in those portions of the diameter
range in which the curve type departs to any extent from the average form.
Whether the additional computations of the mathematical methods are
justified by the increased accuracy is entirely a matter of personal judg-
ment.
For each set of data from which satisfactory conclusions are possible, a
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table of ideal values is drawn up to be used for the computation of theoreti-
cally harmonized frequencies. The species thus listed are:
Douglas fir, Table VIII, Figure 4.
Red spruce, Table XIII, Figure I I.
Balsam fir, Table XVI, Figure 12.
Slash pine, Table XVIII.
Shortleaf pine, Table XX, Figure 13.
Southern white cedar, Table XXII, Figure 14.
Western yellow pine, Table XXIV, Figure 15.
SPECIES INVESTIGATED
Each species seems to be individualistic in the absolute values of its
stand distribution characteristics, and no trace of relation was ascertainable
which could possibly connect one species with another.
Douglas fir. This species conforms to the trends of the characteristics as
related above. It has the greatest degree of asymmetry of any of those
tested, as well as the greatest excess. In the larger size classes the distribu-
tion series approaches a form which can be approximated by the normal
curve. Tests of goodness of fit were exceptionally fine when applied to this
species. Type B was superior in the smaller diameter classes, even if only
two terms were taken. This superiority was maintained into average diame-
ter classes as large as I I - 12 inches.
Red spruce. The data for this species were found to be somewhat weak,
especially for the larger average diameters. There was no difficulty experi-
enced, however, in the customary trends of the distribution characteristics.
Red spruce approaches the normal form in much smaller average diameter
classes than many of the other species. This does not necessarily mean that
normal form is attained at an earlier age, since red spruce is classed as a
slow-growing tree. Tests for goodness of fit are not as successful as with
Douglas fir, because the erratic diameter classes play too important a part.
Type B does not evidence its extreme superiority even though it does show
up to advantage, especially in the small average diameters. Permanent
sample plots gave negative results, chiefly because the stand in which they
were located had reached a stage in which the characteristics changed but
slowly.
Balsam fir. This close associate of red spruce had values of the coeffi-
cients of asymmetry and excess which were surprisingly like those of spruce.
The standard deviation was substantially different. Inconsistencies were
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explained by the lack of reliable material in the larger average diameter
classes.
Northern white pine. The few permanent sample plots which were ex-
amined for white pine were interesting because they gave evidence that
natural and planted stands did not behave according to the sa.me laws.
Planted stands tended towards positive asymmetry, although natural stands
had negative asymmetries as large as those of Douglas fir.
Slash pine. The data for slash pine were too irregular for satisfactory
analysis, and the trends of the coefficients of asymmetry and excess were in-
determinate. The only solution lay in using average values for these char-
acteristics and applying them to the existent curves for average diameter
and standard deviation which were drawn up in the yield study.
Shortleaf pine. The characteristics for shortleaf pine showed the usual
trends, except for the coefficient of excess, for which a single average value
was suggested. Shortleaf pine was one of the two species which showed a
decided tendency to pass from negative asymmetry into positive asymmetry
with increase in average diameter.
Southern white cedar. Only graphically deduced frequencies appear in
the computations for this species. Contrary to the usual situation in regard
to the graphical methods of distribution analysis, this series actually
showed evidence of trend in the coefficient of asymmetry and excess. One
of the trends, however, that of excess, was entirely opposite to any previ-
ously found. It progressed from negative values to values which were close
to zero, when all other species started with positive values and decreased to
negative values. No special emphasis can be placed upon this peculiar trend,
since it had been observed that the graphical methods usually failed to rep-
resent the coefficients accurately.
Western yellow pine. The results for western yellow pine do not agree with
results which have been obtained in other studies. The trends of the char-
acteristics are the usual ones, except 'that the coefficient of asymmetry pro-
gresses into decidedly positive values, as with shortleaf pine. Obviously, be-
fore definite statements are issued regarding this species, more material
must be gathered.
ApPLICATION
The practical application of this study lies in the production of harmo-
nized stand tables for each of the species. The investigation does not pro-
gress thus far, since then it would be imperative to introduce each of the
yield studies from which the data are drawn and to show the growth curves
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for average diameter and for number of trees. The average diameter of the
yield studies is the diameter weighted by basal area and would first have to
be converted to diameter by the number of trees (page 24) before the equa-
tions for either Type A or Type B could be applied. With the curved diame-
ter distribution characteristics known, including the average diameter and
the number of trees, the theoretical distribution series can be computed by
methods shown in Table II for Type A and in Table E (pages 101 to 105)
for Type B.
If more than two terms are desired for the Type B fittings, the curved
values of the tables for smoothed characteristics will have to be applied to
a reverse computation of Pa and P4 in Table I, for theoretical values of the
moments Va and v4' following which B a and B4 can be found in the usual
way (page 31).
The mathematical methods of defining distribution series have, therefore,
an advantage over any other methods, because they represent the actual
conditions more accurately. That they may take more time cannot be de-
nied. In forestry practice, a decision between the two will simply mean.a re-
version to the old argument of time versus accuracy. The merits of each are
manifold. It is hoped, however, that the present study has been a valuable
one, not only for the practical phase towards which it tends, but for the
theoretical side, involving the introduction of methods some of which have
not been hitherto used in forestry research, and all of which are insuffi-
ciently understood in this country.
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APPENDIX
T ABLES for computing theoretical frequencies for Charlier Type Aand Type B equations.
For Type A-see Tables B, C, and D.
For Type B-see Table E.
The originals appear in Charlier's Researches into the Theory of Proba-
bility. Lunds Universitets Arsskrift. N.F. Afd. 2. Vol. I. NO.5. 1906.
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